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Abstract: The AN−1 (2, 0) superconformal theory has an observable associated with every two-cycle in
six dimensions. We make a natural guess for the commutation relations of these operators, which reduces
to the commutation relations of Wilson and ’t Hooft lines in four-dimensional SU(N) N = 4 super
Yang-Mills theory upon compactification on a two-torus. We then verify these commutation relations by
considering the theory at a generic point of its moduli space and including in the surface operators only
contributions from the light degrees of freedom, which amount to N − 1 (2, 0) tensor multiplets.
1 Introduction
Wilson and ‘t Hooft lines provide important non-local order parameters in (3 + 1)-dimensional Yang-
Mills theories. To be specific, we will consider the case with an SU(N) gauge group, with all fields of
the theory invariant under the ZN center. (Our main interest is the N = 4 super Yang-Mills theory,
where all fields transform in the adjoint representation of SU(N), which is indeed invariant under the
center.) The Wilson line A(γ) associated with a closed curve γ in three-dimensional space (at some fixed
time t) is then given by A(γ) = TrP exp i
∫
γ
Aµdx
µ, where Aµ is the SU(N) connection, P denotes path
ordering, and the trace is taken in the fundamental representation of SU(N). The ’t Hooft line B(γ′)
associated with a closed curve γ′ in space is given by a multi-valued SU(N) gauge transformation that
changes by the element exp 2πi/N of the ZN center of SU(N) as one encircles a curve γ in space that
links γ′ once. (Such a gauge transformation has to be singular along γ′.) Despite these different looking
definitions, the Wilson and ’t Hooft lines are closely related and are in fact each others electric-magnetic
duals. They enjoy the following equal time commutation relations:
A(γ)B(γ′) = B(γ′)A(γ) exp
2πi
N
L(γ, γ′), (1)
where L(γ, γ′) denotes the linking number of the curves γ and γ′ in three-dimensional space [1]. Further-
more, all Wilson lines commute with each other, and all ’t Hooft lines commute with each other.
It now seems that there might be a (5 + 1)-dimensional origin of (3 + 1)-dimensional Yang-Mills
theory. In particular, N = 4 super Yang-Mills theory with gauge group SU(N) arises when the AN−1
(2, 0) superconformal theory is compactified on a two-torus [2][3]. These (5+ 1)-dimensional theories are
self-dual, and we expect that there is only a single type of non-local order parameter W (Σ) associated
with a two-cycle Σ in five-dimensional space (at some fixed time t). However, our limited understanding
of the theory does not permit us to give a precise definition of this operator. The relationship to the
order parameters in (3 + 1)-dimensional Yang-Mills theory discussed above is that the Wilson line A(γ)
is given by a surface operator W (Σ) with Σ a product of γ and the a-cycle of the two-torus. Similarly,
the ’t Hooft line B(γ′) is given by a surface operator W (Σ′) with Σ′ a product of γ′ and the b-cycle of
the two-torus. Electric-magnetic duality, which interchanges the a- and b-cycles of the two-torus, then
interchanges the Wilson and ’t Hooft lines as required. Furthermore, there is an obvious guess for the
equal time commutation relations of the surface operators that would reproduce (1), namely
W (Σ)W (Σ′) =W (Σ′)W (Σ) exp
2πi
N
L(Σ,Σ′), (2)
where L(Σ,Σ′) now denotes the linking number of the two-cycles Σ and Σ′ in five-dimensional space.
The object of the present letter is to verify (2). Despite our limited understanding of the (2, 0) theory
in general, and the proper definition of the surface operator W (Σ) in particular, this is indeed possible
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as we will now outline: The AN−1 (2, 0) superconformal theory can be thought of as the world-volume
theory on N parallell five-branes in eleven-dimensionalM -theory. At a generic point in the moduli space,
where all the five-branes are separated, the light degrees of freedom are given by N non-interacting (2, 0)
tensor multiplets, each comprising a chiral two-form X (i.e. with self-dual field strength dX = ∗dX),
an Sp(4) symplectic Majorana-Weyl fermion ψ and an SO(5) vector φA of scalars that parametrize the
transverse position of the five-brane in eleven dimensions. (Sp(4) ≃ SO(5) is the R-symmetry of the
(2, 0) superconformal algebra.) However, a single tensor multiplet, describing the collective degrees of
freedom of the N five-brane system, is not really part of the internal world-volume theory and should
be factored out. (The scalars of this multiplet describe the transverse position of the center of mass of
the brane system.) This is in analogy with the corresponding situation for N parallell three-branes in
type IIB string theory, where the world-volume theory is a super Yang-Mills theory with gauge group
SU(N) rather than U(N) ≃ SU(N)× U(1). Returning to the M -theory configuration, we are thus left
with N − 1 tensor multiplets, but these are not completely free since they inherit a subtle interaction
from their origin on N different five-branes. This point of view was advanced in [4], where it was shown
how certain features of the full (2, 0) tensionless string theory on space-times of non-trivial topology were
reproduced already by this low-energy theory. In this letter, we will similarly show that including in the
surface operator W (Σ) only the contributions from these light degrees of freedom (which are known) is
enough to reproduce (2). This approach is fairly natural, since only massless degrees of freedom can be
responsible for a long-range effect involving the linking number of two surfaces.
As could be expected, the chiral two-forms in the tensor multiplets will play a crucial role for our
argument. Already the quantum theory of a single such field is rather subtle, and it is by now generally
accepted that it cannot be described by a covariant Lagrangian in the usual sense. Instead, the proper
procedure is to factorize the theory of an ordinary two-form (which has a Lagrangian description) as the
theory of a chiral two-form times the theory of an anti-chiral two-form [5][6]. In this spirit, our approach
to veryfing (2) will be to first perform a canonical analysis of an ordinary two-form. The classical phase
space factorizes into two parts pertaining to a chiral and anti-chiral two-form respectively, and the surface
operator factorizes accordingly. It is therefore consistent to retain only the chiral part. We then take
N copies of the chiral part to build the phase space of N non-interacting chiral two-forms and take the
surface operator to be the product of the observables for the individual chiral two-forms. Finally, we
factorize this observable into a part coupling to the chiral two-form representing the collective degrees of
freedom and a part coupling to the remaining N − 1 chiral two-forms. The latter part is the one which
defines the contribution to the surface operatorW (Σ) for the AN−1-type (2, 0) theory. The commutation
relations (2) now follow from a canonical quantization procedure, where the classical Poisson bracket of
functions on the classical phase space is replaced by the commutator of operators on the quantum Hilbert
space.
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2 The phase space of a chiral two-form
We work in (5 + 1)-dimensional Minkowski space with coordinates xµ = (x0, xi) = (t,x), µ = 0, 1, . . . , 5,
i = 1, . . . , 5 and metric η00 = −1, ηij = δij , η0i = 0, i, j = 1, . . . , 5.
Consider first an ordinary two-formXµν = −Xνµ subject to the gauge invarianceXµν → Xµν+∆Xµν ,
where the gauge parameter ∆Xµν is a closed two-form with integer periods. In Minkowski space, the
Poincare´ lemma states that ∆Xµν is exact and thus has zero periods, but in non-trivial topology we should
also allow for ‘large’ gauge transformations where ∆Xµν represents a non-trivial integral cohomology
class. Given a two-cycle Σ, the ‘Wilson surface’ observable exp 2πik
∫
Σ
Xµνdx
µ ∧ dxν is gauge invariant
(even under ‘large’ gauge transformations) for arbitrary integer k. If Σ is the boundary of some open
three-manifold D (as is always the case in the topologically trivial Minkowski space), we may use Stokes’
theorem to rewrite the ‘Wilson surface’ as exp 2πik
∫
D
Hµνρdx
µ ∧ dxν ∧ dxρ, where the gauge invariant
field strength Hµνρ is given by Hµνρ = ∂µXνρ + ∂νXρµ + ∂ρXµν . Replacing Hµνρ by its dual (∗H)µνρ =
1
6ǫµνρ
µ′ν′ρ′Hµ′ν′ρ′ would instead give the dual ‘’t Hooft surface’.
The dynamics of the theory is governed by the Maxwell-type Lagrangian density
L = −
1
6
HµνρH
µνρ. (3)
The canonical momenta Πµν = −Πνµ are defined as Πµν = δL
δX˙µν
, where the dot indicates a derivative
with respect to time t. We find that
Π0i = 0
Πij = −H0ij . (4)
The first of these equations is a first class constraint due to the gauge invariance, which we supplement
with the temporal gauge condition X0i = 0. The second equation then reads
Πij = X˙ ij . (5)
The Poisson bracket for the phase space variables Xij and Π
ij (at equal time) is
{Xij(x), Xi′j′(x
′)} = 0{
Πij(x),Πi
′j′(x′)
}
= 0{
Xij(x),Π
i′j′(x′)
}
=
1
2
(δi
′
i δ
j′
j − δ
i′
j δ
j′
i )δ
(5)(x− x′). (6)
The components of the field strength are H0ij = Πij and Hijk = ∂iXjk + ∂jXki + ∂kXij with Poisson
bracket
{H0ij(x), H0i′j′ (x
′)} = 0
{Hijk(x), Hi′j′k′ (x
′)} = 0
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{Hijk(x), H0i′j′ (x
′)} =
1
2
((δji′δkj′ − δjj′δki′)∂i + (δki′δij′ − δkj′δii′)∂j + (δii′δjj′ − δij′δji′)∂k)
δ(5)(x− x′). (7)
We now decompose the field strength as Hµνρ = H
+
µνρ +H
−
µνρ, where the self-dual and anti self-dual
parts are given by
H+µνρ =
1
2
(
Hµνρ +
1
6
ǫµνρ
µ′ν′ρ′Hµ′ν′ρ′
)
H−µνρ =
1
2
(
Hµνρ −
1
6
ǫµνρ
µ′ν′ρ′Hµ′ν′ρ′
)
. (8)
As independent components we may take H+ijk and H
−
ijk with Poisson bracket
{
H+ijk(x), H
−
i′j′k′(x
′)
}
= 0{
H+ijk(x), H
+
i′j′k′(x
′)
}
=
1
4
(ǫi′j′k′jk∂i + ǫi′j′k′ki∂j + ǫi′j′k′ij∂k) δ
(5)(x− x′){
H−ijk(x), H
−
i′j′k′(x
′)
}
= −
1
4
(ǫi′j′k′jk∂i + ǫi′j′k′ki∂j + ǫi′j′k′ij∂k) δ
(5)(x− x′). (9)
The vanishing of the first of these expressions shows that the chiral and anti-chiral parts of the theory
indeed decouple from each other, so it is consistent to consider only the former part with independent
phase space variables H+ijk.
3 The commutation relations of surface operators
In the chiral theory, the surface operators of Wilson and ’t Hooft type are both given by
Wk(Σ) = exp 2πik
∫
D
H+µνρdx
µ ∧ dxν ∧ dxρ, (10)
where again Σ is the boundary of the three-manifold D. We wish to determine the commutation relations
of this operator and an analogous operator Wk′ (Σ
′) when Σ′ is the boundary of another three-manifold
D′. We assume that both D and D′ are three-manifolds in space at some fixed time t and begin by
computing the commutator
[∫
D
H+ijkdx
i ∧ dxj ∧ dxk ,
∫
D′
H+i′j′k′dx
i′ ∧ dxj
′
∧ dxk
′
]
= −
i
2π
∫
Σ
dxi ∧ dxj
∫
D′
dxi
′
∧ dxj
′
∧ dxk
′
ǫiji′j′k′δ
(5)(x− x′)
= −
i
2π
Σ ·D′
= −
i
2π
L(Σ,Σ′). (11)
where we have converted the Poisson bracket (9) to an operator commutator according to the usual rules
of canonical quantization and used Stokes’ theorem in the first line. In the second line, Σ ·D′ denotes the
intersection number of Σ and D′, and in the third line we have used the definition of the linking number
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L(Σ,Σ′) of Σ and Σ′. The value of the overall numerical coefficient should in principle follow from our
previous formulas if we had been more careful with normalizations of various quantities. To verify that
the value we have given here (and which is necessary for the sequel of our argument) is indeed the correct
one would be a reassuring and instructive, although not completely trivial, excercise. It now follows from
the Baker-Hausdorff formula that
Wk(Σ)Wk′ (Σ
′) =Wk′ (Σ
′)Wk(Σ) exp 2πikk
′L(Σ,Σ′), (12)
i.e. Wk(Σ) and Wk′ (Σ
′) commute for integer k and k′.
We now consider the case of N non-interacting chiral two-forms X1µν , . . . , X
N
µν as is appropriate for
N widely separated five-branes in M -theory. It is convenient to assemble their field strengths into an
N -vector H+µνρ = (H
1+
µνρ, . . . , H
N+
µνρ). The appropriate surface operators are of the form
Wk(Σ) = exp 2πik ·
∫
D
H
+
µνρdx
µ ∧ dxν ∧ dxρ, (13)
where k = (k1, . . . , kN ) and the raised dot denotes the standard scalar product of N -vectors. Their
commutation relations are
Wk(Σ)Wk′(Σ
′) =Wk′(Σ
′)Wk(Σ) exp 2πik · k
′L(Σ,Σ′), (14)
so that Wk(Σ) and Wk′(Σ
′) commute for k,k′ ∈ ZN .
Finally, we wish to separate the collective and internal world-volume degrees of freedom of the N
five-brane system. To this end, we decompose k as k = κ1+w, where κ ∈ 1
N
Z, 1 = (1, . . . , 1) and w is
an element of the weight lattice Γw of SU(N) defined as
Γw =
{
(w1, . . . , wN ) ∈ (
1
N
Z)N ;wI − wJ ∈ Z, w1 + . . .+ wN = 0
}
. (15)
The surface operator factorizes accordingly asWk(Σ) =Wκ1(Σ)Ww(Σ), where the first factor and second
factor involves the collective and internal world-volume degrees of freedom respectively. The commutation
relations of the latter are
Ww(Σ)Ww′ (Σ
′) =Ww′(Σ
′)Ww(Σ) exp 2πiw ·w
′L(Σ,Σ′), (16)
but w ·w′ is in general an element of 1
N
Z and not necessarily of Z, so these operators need not commute.
In fact, if we introduce also the SU(N) root lattice Γr defined by
Γr =
{
(r1, . . . , rN ) ∈ Z
N ; r1 + . . .+ rN = 0
}
, (17)
which is dual to and a sublattice of the weight lattice Γw, we may decompose Γw in cosets with respect
to Γr. The phase factor exp 2πiw · w′L(Σ,Σ′) only depends on w and w′ through their coset classes
[w] and [w′] in Γw/Γr ≃ ZN and may therefore be written as exp 2πi[w] · [w
′]L(Σ,Σ′). If we now take
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[w] and [w′] to be the fundamental conjugacy classes, this phase factor equals exp 2pii
N
L(Σ,Σ′), and we
reproduce (2).
As a final remark, we note that a ‘large’ gauge transformation (in a space of non-trivial topology) is
given by a vector ∆Xµν = (∆X
1
µν , . . . ,∆X
N
µν) of closed two-forms whose periods take their values in Z
N .
Those ∆Xµν for which the periods take their values in the root lattice Γ
r ⊂ ZN are the ones that do not
affect the collective but only the internal world-volume degrees of freedom.
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